Definition of CC Light and Heavy Structure Functions
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1 F;(v) and FLV@

Writing explicitely the CKM matrix elements, the proton stucture function F,” in the Zero-Mass
Variable Flavour Number Scheme looks like this:

Frro— Qx{czq ® [(|vud|2 + | Veal? + [Vial?) d
[Vadl? + Vas > + [Vis[?) ©

(

(IVaus® + [Ves|* + [Vis[?)
(Veal® + [Ves? + [Veo|?)
(
(
C

e

where:

YN =2 > > VP (2)

i=u,c,t j=d,s,b

Note that everything we will do in this Section applies also to F;* just substuting C5 4 and C5 4 with
Cr,q and Cp g4, respectively. Therefore, the stucture of the observables is exactly the same.

Now, we want to split up the above structure function into its light part plus the stucture functions
of the single heavy quarks, that is:

BT =Bl + B+ By + By (3)
without having any overlap between the single components.
To this end, we use the CKM matrix elements and we say that:

1. the light part is composed by the terms of eq. (1) which are proportional to those CKM matrix
elements containing only light flavours (i.e. u, d and s)

2. the heavy part due to the heavy flavour & is instead given by the terms proportional to Vj; or
Vien, where mi > mi

Actually, this means dividing the CKM matrix in the following way:

‘/’u, d ‘/'u, s
Verm = | Vea  Ves (4)
Vie Vis Vi

where the red terms are those which contribute to the light part of the proton structure functions,
the blue terms to the charm part, the to the and the violet terms to the top
part.

Explicitely we have that:

Fyp = 20{Cog @ [[VaaPd+ (Vaal + Vasl?) T+ [Vas 3]
+ 2 (Vaal® + Vaol?) Cag @ 9}

e = 2w{02,q®[\Vcd\z(d+6>+|v;s|2<s+a)}
+ 2(lwd|2+|ms\2)02,g®g}

By = 20{Cog® [VuP@+0) +[VaPc+b)]
+2( [Vl + Vial?) Ca 2 9}

Fyp = 20{Coq® [VealP(d+1) + Vis (s +7) + [Vl (0 + )
+ 2(Vaal? + [Vl + [Vol?) Cog @19



We can obtain Fy* directly from F3"* just by exchanging each quark with the respective antiquark
and viceversa. So, we get:

vp
F2,l -
_|_

v,p o __
F2,c -
vp
F2,b =
+

o _
F2,t -
+

22{Coy © [VealPT+ (Val? + Vi) + Ve
2 (|Vud|2 + |Vus|2) 02,9 ® g}

20{Caq ® [[VealP(@+ ) + Vesl2(5 + )]
2 (|Veal® + Vesl?) Cag @ 9}

2z{027q ® [\Vub\Q(quB) n |vd,|2(c+5)]
2 (|Vub|2 + |Vcb‘2) 0279 (39 g}

20{Ca,g @ [[ViaP(@+ 1) + Vis 25 + ) + [V [2(5 + 1)
2 ([Vial? + [Vl + Vi) Cag @ 9 |

And finally the neutron structure functions can be obtained from the proton ones just by exchang-

ing u(w) <> d(d). So:

and:

U,n J—
F2,l -
+

v,
F2,c -
+

v,n
F2,b -
+

v,n
F2,t -
vn o _
F2,l -
v,n _
F2,c -
+

vino
F2,b -
+

vno
F2,t -
4+

258{0241 X |:|‘/ud|2U + (‘Vud|2 + |‘/us|2) E+ |Vu9|25:|
2 (|Vud|2 + ‘Vu5|2) Cog® g}

20{Cog @ [VealP (1 +2) + [V P (5 +9)|
2 ([Veal? +Ves|?) Cag 0 9}

2x{02,q ® [|vub|2(a+ b) + | Vi |2(c + b)}
2 (Vs |* + [Veo|?) Ca g @g}

20{Cay @ [Vial?(w+7) + [V (s + ) + [Vao 2(b + 7]
2 (|Vial? + [Vis ? + [Vin[?) G2 @ 9}

2.’5{027(1 ®
2 (|Vud‘2 +

2:2{027(] ®
2 (|Veal® + |

2.%{027(1 &
2 (|Vub|2 + |

21’{02’11 ®
2 (|Vaal® + |

Vaa P+ (IVaal® + Vs ) d + Vs 5]
‘Vus‘Q) CQ,g & g}

[Veal2 (T + ¢) + | Ves 2 (5 + )|
chs|2) C2,g & g}

Vi P(d+5) + [Vas *(c + B)|
Vcb|2) Cg,g ® g}

Vial?(@+1t) + [Vis|* (5 + ) + Va2 (b + t)
Vis|? + [Vip|?) Capg ® g}



Now, since the average of a given structure function F, ™) g given by:

" = fET (1= )T 9)
where: . N, "o
"~ N+ N,
we have that:
By = 20{Cog @ |VaalP(Fd+ (1 = Fu) + ([Vaal® + [Vasl?) (FT+ (1 = £)D) + [Vas 5]

+ 2 (Vaal® + Vaol?) Cog @9

B, = 20{Coy® [[VulP(fd+ (1= Pu+2) + Voo P (5 +7)]
+ 2 (Veal® + Veol?) oy @ 9

By, = 20{Coq® [[ValP(FT+ (1= f)d+b) + [Va (@ +b)]
+ 2 (|Vub|2 + |Vcb|2) C(2,g ®g}

By = 20{Co0® [[ValP(Fd+ (1= Put )+ [Vaal2s +5) + [V 20 1)
2 ([Vial? + [Vis + Vi 2) Cag @ 9

Fy, = Qx{oz,q Y “Vud|2(f3+ 1=+ (‘Vud|2 + |Vus|2) (Fu+(1— f)d) + |Vus|2§:|
+ 2(1Vaal® + [Vas]?) 02,g®g}

FY, = 20{Coy @ |IVaaP(fd+ (1= )T+ ) + [Ves 25 + )]
+ 2 (Veal® + Veol?) Cag @ 9

Fy, = 2w{Cz,q® [IVubIQ(qul—f>d+5)+|vcb\2<c+5)}
+ 2 (|Viol2 + [Vao?) 02,g®g}

Fy, = zx{czyq@) [|vtd|2(fa+(1—f)ﬂ+t)+|vts|2(§+t)+\th|2(5+t)]
+ 2(|th\2+|Vts|2+|‘/tbl2)02,g®9}

1.1 Light Stucture Function

At first, let’s deal with the light structure function F3,. We notice that it can be written as:

Fy, = 2x{02,q ® [|vud\2 (fd—u+T—d)+ (u+d) + |[Vas|? (f@— ) + @+ s))]
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+ (|Vud‘2+‘Vus‘2) C?,g®g} ( )

As usual we have to rotate the basis {u,, d,d, ... } into the basis {2, g, V, T3, V3, . .. }, but knowing



that:

»w Q. 2
NN NN TN N

o
S O »

S
= vv&‘\g‘,

~+

we find that:

so that:

while:

and:

thus:

v
F2l

i

being:

Now let’s consider F,

ut u” 10 30 10 5 3 2 Y+V

dt d- 10 =30 10 5 3 2 T3+ Vs

st ks 1 10 0o -20 5 3 2 Ty + Vs

ct ¢ “ 120110 O 0 —-15 3 2 Tis + Vis

bt b~ 10 0 0 0o -12 2 Toy + Vaou

tt t~ 10 0 0 0 0 -10 Ts5 + Vas
dfu = 77(T3 +V3)

- 1
u+d= %[IOZ +30V3 4 1075 + 5115 + 3724 + 2T35]

- 1
d+s = @[102 — 15(T3 - Vg) — 5(Tg + 3V8) + 0115 + 3124 + 2T35]
1
Qx{cg,q ® | o5 IVaal? (105 + 30(1 = 2f)Vs + 1075 + 5Ti5 + 3734 + 2T35)
1
@|Vus|2 (10X — 15(1 — 2f) (T3 — V3) — 5(Ts + 3Vs) + 5115 + 3124 + 2T35)

(|Vud|2 + |Vu5|2) Cog® g}

10K;% — 15(1 = 2f) [[Vas|* T3 — (2|Vaa|* + |Vaus ) V3]

1
220 —C
x{ G0 21 ®

52| Vaal? = [Vas|) Tz — 15|Vius|* Vi + 5K Th5 + 3K Tos + 2K T35

K Cyy ® 9}

Kl =2 <|Vud|2 + ‘Vu9|2)

(v). First we notice that it can be written as:

FY, = 20{Coy @ [Vaal? (F@—T+u—d) + @+ d)) + |Vas|? (F(u— d) + (d+5))

+ (Vaal® + Vasl?) Gy @ 9

but, from eq. (14):

(19)

(20)

(21)



so that:

d—u+u—d=V; (23)
while: 1
u+d= @[102 — 30V3 + 1075 + 5T15 + 3724 + 2T535] (24)
and: 1
d+35= %[102 — 15(T3 + ‘/3) — 5(T8 — 3‘/8) + 5115 + 3154 + 2T35] (25)
thus:
_ 1
By, = 25’?{6002,(; ® [10K,5 — 15(1 = 2f) [|Vus [’ Ts + (2| Vaal® + [Vaus|*) V3]
+ 5(2|Vual® — [Vaus|®)Ts + 15| Vs |* Vs + 5K Tis + 3K, Toy + 2K, T35 (26)
+ KZCQ,g ®g}

1.2 Charm Structure Function

Now we consider the charm structure function for the neutrino. We see that it can be written as:

By, = 20{Coy® [VaalP(f(d = w) + ut2) + Voo 2 (s + 0)| o
+  (|Veal® +|Ves|?) Capg ® g}
but: )
while: )
u+C= %[102 +15(Ts + V3) + 5(Ts + Vi) — 5(T15 — 2Vis) + 3Tay + 2T55) (29)

and: 1

S+¢= @[102 - ].O(Tg + Vé) — 5(T15 - 2V15) + 3154 + 2T35} (30)
so that:

1
f(d — u) +u+c= %[102 + 15(1 — 2f)(T3 + Vg) + 5(Tg + va) — 5(T15 — 2V15) + 3T24 + 2T35} (31)

so we find that:

1
Fy, = 2:5{60027q @ [10K.2 + 15(1 — 2f)|Vea|*(T5 + V3)
+ 5(|Vea|* = 2|Ves|P) (T + V&) — 5Ko(Tis — 2Vi5) + 3K Toy + 2K T35 (32)
+ KCCZ,g ® g}

where we have defined:
Ke = [Veal® + [Ves|? (33)



1.3 Bottom Structure Function

Now we consider the bottom structure function for the neutrino. We see that it can be written as:

By, = 20{Co® |IVal(f@—d) +d+b) + [Va 2@ +1) .
+ ([Vaol? + [Val?) Cag @ 9}
but: )
u-d= §(T3 —V3) (35)
while:
— 1
d+b= EO[QOE — 30(T3 — ‘/Eg) + 10(Tg — Vg) + 5(T15 — ‘/15) — 3(3T24 + 5V24) + 4T35] (36)
and: )
ct+b= HO[QOZ — 15(T15 — Vis) — 3(3T24 + 5Va4) + 4T55] (37)
so that:

fa—d)+d+b = %[202730(1*2]0)(7_'3*V3)+10(T8*V8)+5(T15*V15)*3(3T24+5V24)+4T35] (38)

so we find that:

20K,% — 30(1 — 2)|Vip|* (T3 — Vi) + 10|V |2 (Tx — V&)

1
Froo— 9l L
2 x{ 120024 @

+ 5(|Viw|* = 3|Vip|*)(Tus — Vi) — 3Ky(3Toa + 5Vas) + 4K, T35 (39)

+ KCCQ,g & g}

where we have defined:
Ky = [Vip|* + [V |2 (40)

1.4 Top Structure Function

Now we consider the top structure function for the neutrino. We see that it can be written as:

Fy, = Qx{ngq ® [|th|2(f(d —u)+u+t)+ |Vis|?(s + 1) + [Vip|2(b+T) (41)
Tt ([Vial? + [Vial2 + [Vl2) Cog @9}
but: 1
dfu:—§(T3+V3) (42)
while:

_ 1
w41t = —=[208 4 30(T3 + V3) + 10(T5 4 Vg) + 5(T15 + Vi) + 3(Tos + Vau) — 4(2135 — 3V35)] (43)

120
and: 1
s+t= ﬁ0[202 —20(Ts + Vg) + 5(T15 + Vis) + 3(Taa + Vau) — 4(2T35 — 3V35)]
(44)
bif— 1;70[202 12(Thy + Vas) — 4(2Th5 — 3Vis)]



so that:

_ 1
f(d—u)+u+t = m[202—1—30(1—2f)(T3+V3)+10(T8+V8)+5(T15+V15)+3(T24+V24)—4(2T35—3V35)]
(45)
so we find that:

1
2:B{ 702,(1 &

Py 120

208 + 30(1 — 2)|Vea > (T3 + V3) + 10(|Vea|* — 2|Vis|) (T5 + V3)

+ 5([Vaal® + [Vas®)(T15 + Vis) + 3([Vaal® + [Vis|® — 4[Vio|?) (Tos + Vau) — 4(2T35 — 3V3s5)

+ KCCQ,Q & g}

(46)
where we have used the fact that:

Veal® + [Ves|* + Vi [* = 1 (47)

2 xFéj(P)

Now, we consider zF3"? which is defined as:

Py = 20{Cyg ® | (Vaal® + Vel + Vial?) d

(|Vud|2 + |Vus|2 + |Vub|2) u
E|Vu5|2 + |VCS‘2 + “/;55‘2) S

[Vea? + [Ves|* + [V |?) ©
(IVasl® + [Veo > + Vi |?) b
( t
c

I+ 1+ |

[Vial® + |Vis? + [Vio|?)
FO(N})Csq @ 9

_|_

Note that, we are keeping the gluon term which in the ZM-VFNS would be zero. On the other hand
in the massive scheme it’s not the case.
Again, we want to split up this structure function into its light part plus the heavy parts, that is:

eFP = aFy P + oFyY + aFyy) + o FyY (49)

Using the same tricks of the previous Section, we get:

aFyp = 20{Csq @ [VaalPd = ([Vaal® + Vs 2) T+ [Vao| 5]
(‘VUd|2+|Vus|2)03,g®g}

R N

+ (\Vcd\2+|ms|2)cg7g®g}

(50)

ol = 255{03,11(8[|Vub‘2(—ﬂ+b)+|Vcb\2(—5+b)}

+ (\Vub\2+\vcb|2)cg,g®g}
ol = QI{C&(I@|:|th|2(d_i)+‘Vts‘Q(S—f)—FH/tbF(b_f)}

+  (Vial® + Vi |? + Vi |?) C3g ® 9}



and:
v,p
xF&l

v,p
.Z‘F37C

v,p
xF37b

v,p
ng’t

+

2x{03,q ® [— [Vaal?d + (|Vaal® + [Vas|?) v — |Vus\2§]
(|Vud|2 + |Vus|2) CB,g ® g}

Qx{Cs,q ® [IVCdlz(—E+ c) + [ Ves* (=5 + c)}
(IVeal? + |Vesl?) G 0 g}

While for the neutron we have:

v,n
mFg,l

v,n
ng,C

v,n
acFB,b

v,n
ng,t

and:

v,n
a:FS)b

v,n
a?Fg’t

(51)
2{Cs @ [Viof*(u =) + Vas[*(c ~ )|
(Vasl? + [Ves?) Csy @ 9}
20{Cy ® [[VialP (= + 1) + [Vis P (=5 + 1) + [V 20+ )]
(Vial? + Visl? + [Vsl?) Csy ® 9}
2x{03,q ® _|Vud|2u - (‘Vud|2 + |Vu5|2) d+ |V“s|2s}
(Vaal?® + Vo) Cs4 @ 9}
20{Ca @ [|Veal(u =) + [Ves (s )]
(IVeal* + Ves ) Coy @ g}
_ (52)
2{Cag ® [[Vanl*(~+ D) + Ve (2 + )]
(IVas|* + [Ves|?) Cs,g @ g}
20{Cyy @ [[Vial? (= 1) + [Visl2(s = ) + [V P (0 = )
(Veal? + [Visl? + [Visl?) Csy ® 9}
20{Cay © [ = Vual?+ (Vul? + Vi) d = Vi 5]
(qud‘2+|Vus 037g®g}
20{Cog @ [[Veal* (=T + ) + Vs (=5 + )]
(Veal? + Voo ?) G @ 9
_ (53)
20{Cyq @ [V (d =) + [Va (e~ B)]

(|Vunl® + |Vcb|2) C34® g}}

20{Ch.q & |[Vial? (=7 +1) + Vis (=5 + 1) + Vao 2 (B + )
(Vaal? + Vol + [Vis[?) Csy @ 9}



So, combining proton and neutron structure functions we get:

2Py = 20{Cs0® [[VaaP(fd+ (1= P)u) = ([Vaal? + Vi) (f7+ (1= £)d) + Vi3]
+ (|Vud|2+lvu8|2) C3,g®9}

wFfe = 20{Csg @ [VeaP(fd+ (1= Plu—72) +|Ves 2(s — 0)]
Vel + Visl?) Gy 9 9
_ (54)
2y, = 20{Cyy @ [V (—f7 — (1= f)A+1) + Ve (—c+ )]
+ (Vo + Vanl?) Csg @ 9} }
2FY, = zx{cs,qea |md\2(fd+(1—f)u—f)+|ws|2(s—i)+|v;b|2(b—f)}
+ (Vial® + [Vis 2 + Vao2) Gz @ 9
and:
o = 20{Ciy® |~ [VaalP(Fd+ (1= D) + (Vaal + Vasl?) (Fu+ (1= )d) = Vi 5]
(IVaal? + Vasl?) Cag @ 9
oFf, = 20{Caq® [[VealP(=fd = (1= )T+ ) + Ve 2(=5 + )]
+ (Veal? + Veol?) Cag @ 9
oFg, = 20{Cay® [V (fut (1= )d=B) + [Va*(c ~ B)]
(Vasl? +Ves?) Coy @ g} }
vk, = Qw{Ca,q ® [\thP(—fE— (L= fla+1t)+ [Vis|* (=5 + 1) + |th|2(5+t)}
+ (Veal? + [Viol? + Vo) s @9
(55)

At this point we notice that mF;(g), a part from the fact that there are C3 ; and C3 4 rather than

Cy,q and Cy 4, is almost equal to F/ ™) but with every antiflavour having opposite sign. Now, starting
from eq. (14), we can write that:

u(—) 10 30 10 5 3 2 VEY

d(—d) 10 =30 10 5 3 2 Vs Ty

8(—3) o i 10 0 —20 ) 3 2 Vg :|:T8 (56)
c(—e) | 12010 0 0 —15 3 2 Vis + Ts

b(—b) 10 0 0 0 -12 2 Vag + Toy

t(—1) 10 0 0 0 0 —10/ \ Va5 + T35

So, we see that replacing ¢ with —q in the basis {u,,d,d,...} is equivalent to exchange ¥ < V,
T3 < V3, Ty > V3 and so on in the basis {¥,¢g,V,T5,Va,...}. For this reason we can directly write

down the expressions for zFy @

3 Heavy Quark Structure Functions in the Massive Scheme

In this sectio we will try to understand how the structure of the heavy quark structure functions change
in the massive scheme where the heavy quark PDF's are absent. In principle, this step, if computing

10



structure functions in the purely massive scheme, is not needed becuase the PDF evolution would
automatically adjust the structure of the observables. However, when considering the FONLL scheme
where massive and zero-mass schemes are combined and PDF's evolve in the ZM-VFNS; it is necessary
to know how massive structure functions are written in terms of PDFs in the evolution basis to ensure
a proper combination.

It is possible to write a set of simple rules that allow us to write the massive structure functions
starting from the expressions we found in the previous sections. The principle is simple: in the Ny
massive scheme, all PDFs from Ny 4 1 to 6 are absent. In order to see what happens at the level of
PDFs in the evolution basis, we need to consider all the cases from Ny = 3 to Ny =5 (Ny =6 is
equivalent to the massless scheme).

In the Ny = 3 massive scheme we have:

Toy — %
T35 > X
Vis >V
Vou =V
Vg =V

In the Ny = 4 massive scheme:
T24 — X
T35 — %
Vou =V
V35 -V

Finally, in the Ny = 5 massive scheme:

T35 > X

V35 -V (59)
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